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Abstract

In this paper, we propose a Mahalanobis metric based k-means algorithm (KMM) for

group membership estimation in linear panel data models with time-varying grouped

fixed-effects by Bonhomme and Manresa (2015). The proposed method improves the

accuracy of estimates by taking serial correlation and heteroscedasticity into account.

We also derive the optimal β for group membership estimation and show that it may

be different from the true coefficient parameter. Since the optimal β is not feasible in

practice, we propose the data driven selection method for its implementation.
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1 Introduction

Panel data is widely used in econometrics. A crucial advantage of using panel data in regres-

sion analysis is that researchers can address the endogeneity problem caused by unobserved

heterogeneity by using the fact that individuals are observed over time. In this regard,

researchers usually introduce individual specific fixed effects and time effects in regression

models. This approach is arguably restrictive in that it is valid under the assumption that

individual heterogeneity is time invariant and the effect of time effects is the same across

individuals, but this may not hold in empirical applications.

We consider a regression model that allows for group specific unobserved heterogeneity

that is time varying. Let

yit = x′itβ + αgit + vit, i = 1, . . . , N, t = 1, . . . , T, (1.1)

where β is a (k × 1) vector of coefficients, gi ∈ {1, . . . , G} is the group membership for

individual i, and αgt is the group specific time effects for group g at time period t. In

contrast to standard fixed effects models, we consider the case that both gi and αgt are

unknown to econometricians and need to be estimated. The covariates xit are assumed to

be contemporaneously uncorrelated with vit, but may be arbitrarily correlated with αgit.

The number of groups G is small, and we assume it is known throughout this paper. This

model is first considered by Bonhomme and Manresa (2015) (BM hereafter) and they propose

the grouped fixed effects estimator based on an optimal grouping of individuals using the k-

means clustering method. Introducing k-means to panel data models provides researchers an

alternative to prior information (e.g., country and county) for studying the potential group

pattern. Adding clustering to panel models also has the benefit of addressing incidental

parameters problem, see, e.g., Neyman and Scott (1948) and Bester and Hansen (2016).

This paper extends BM’s approach in the following ways. First, we use the Mahalanobis

metric (Mahalanobis (1936)) as a dissimilarity measure, which could improve clustering if
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the panel data embed serial correlation and heteroscedasticity when clusters have a similar

shape, size, and orientation. The Euclidean metric that the k-means is based on, by contrast,

does not consider the correlation between variables which leads it very sensitive to the noise.

Figure 1 illustrates this issue. We generate serially correlated data based on the DGP in

Section 4. The sample size is (N, T ) = (90, 5) and each individual is drawn from 3 groups.

The left panels of this figure show the estimated grouping using the Euclidean distance, and

the right panel uses our KMM algorithm. As shown, the Euclidean metric fails to recover the

correct grouping for six individuals even though the clusters are well separated. In contrast,

the Mahalanobis metric based clustering estimates all the group memberships correctly in

this case. The latter tends to outperform the former since it takes into account the serial

correlation of data and is thus unit-free and scale-invariant. Graphically, it first converts the

shape of data from ellipse to round and then applies the k-means algorithm to make it easier

to assign each individual to a right cluster.

Second, we derive the optimal β to estimate group membership and show that it may be

different from the true coefficient parameter. Clustering performs better when groups are

well separated. We first define a signal to noise ratio that captures the degree of separation,

and find that this ratio may not be maximized at the true β. In practice, this optimal β is

not feasible, because it contains unknown parameter values that are very hard to estimate.

To address this issue, we propose a data driven algorithm to have a feasible β that amplifies

the group signal and hence improves group membership estimation.

The rest of the paper is organized as follows. In Section 2, we introduce the proposed

estimator and discuss its properties. Section 3 derives the optimal β for group member-

ship estimation and proposes its data driven selection procedure. Section 4 provides the

simulation results, and Section 5 concludes the paper and discuss the potential extension.
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Figure 1.1: Clustering using Euclidean (left) and Mahalanobis (right) distance
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2 Mahalanobis metric based grouped fixed effects es-

timator

We consider a Mahalonobis metric based criterion function to estimate unknown parameters

in (1.1). Let Yi = (yi1, . . . , yiT )′ and Xi = (xi1, . . . , xiT )′. We also denote the parameter

spaces for β and αgt as Θβ ⊂ Rk and A ⊂ R respectively. Our estimator is defined as

(β̂, γ̂, α̂) = argmin
(β,α,γ)∈Θβ×AGT×ΓG

1

NT

G∑
g=1

∑
i∈{gi=g}

(Yi −Xiβ − αgi)′Ŵ (β)−1(Yi −Xiβ − αgi),

(2.1)

where the minimization of the criterion function is taken over the common parameter

β, time varying grouped fixed effects α = {αgt; g = 1, ..., G and t = 1, ..., T} , and group

membership γ = {g1, . . . , gN} ∈ ΓG. Ŵ (β) is the (T × T ) sample covariance matrix of the

latent component {Yi −Xiβ; i = 1, ..., N} of the regression. Since the criterion function is

rescaled by the covariance matrix, the serial correlation and heteroscedasticity of the dataset

are taken into account. It is obvious that when Ŵ (β) is an identity matrix our estimator in

(2.1) reduces to BM’s grouped fixed effects estimator which employs the Euclidean metric

based criterion function.

We can obtain the proposed estimator in (2.1) based on the following two step procedure.

First, given some values of (β, α), we estimate group membership, γ̂ = (ĝ1, . . . , ĝN), by

applying k-means to the rescaled residuals. That is,

(γ̂|β, α) = argmin
γ∈ΓG

1

NT

G∑
g=1

∑
i∈{gi=g}

(Yi −Xiβ − αgi)′Ŵ (β)−1(Yi −Xiβ − αgi), (2.2)

where

Ŵ (β) =
1

N

N∑
i=1

(Yi −Xiβ)(Yi −Xiβ)′.
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In practice, we can reduce the computational cost to implement (2.2) by using Cholesky

decomposition. Given β, we let

Ŵ (β)−1 = L̂(β)L̂(β)′,

and define Ỹ = L̂(β)Y and X̃ = L̂(β)X given β. We can then obtain γ̂ from

(γ̂|β, α) = argmin
γ∈ΓG

1

NT

G∑
g=1

∑
i∈{gi=g}

(Ỹi − X̃iβ − α̃gi)′(Ỹi − X̃iβ − α̃gi). (2.3)

Second, with the estimated group membership, the estimator of (β, α) is given by

(
β̂, α̂

∣∣∣γ̂) = argmin
(β,α)∈Θβ×AGT

1

NT

G∑
g=1

∑
i∈{gi=g}

(Ỹi − X̃iβ − α̃ĝi)′(Ỹi − X̃iβ − α̃ĝi).

Let’s sketch the asymptotics of the proposed estimator without going into the specific

details. We do this by considering the infeasible version (β, α, γ) which is based on the true

covariance matrix. Let

(
β, α, γ

)
= argmin

β,α,γ

1

NT

G∑
g=1

∑
i∈{gi=g}

(Yi −Xiβ − αgi)
′
W−1 (Yi −Xiβ − αgi) (2.4)

where

W = E
[
(Yi −Xiβ

0)(Yi −Xiβ
0)′
]

and β0 is the true coefficient parameter. The asymptotics of (β, α, γ) can be shown easily

by following BM if we impose conditions on W or simply make its ”high level” assumptions.

That is, if we modify Assumptions 1-3 in BM using Ÿi = LYi and Ẍi = LXi, where L is by

Cholesky decomposition of W (β0)−1, i.e., W (β0)−1 = LL′, then every step in the proof for

the asymptotics of BM’s estimator will go through for (β, α, γ). The asymptotics of (β̂, α̂, γ̂)
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is more complicated since it depends on the asymptotic behavior of Ŵ (β̂). We may need

consistency of Ŵ (β̂) for W , which can be defined by

∥∥∥Ŵ (β̂)−1W − IT
∥∥∥

max

p→ 0

where ‖B‖max = maxi,j |bij| for a matrix B whose (i, j)-th element is bij or other matrix

norms ‖·‖. This is not straightforward because Ŵ (β̂) is a T × T matrix where T → ∞.

In the literature, Fan et al. (2013) study the estimation of a high dimensional covariance

matrix in the approximate factor model context, and we may consider an extension of their

approach to our model. However, It is beyond the scope of our paper, and we leave it for

our future research.

3 Implementation

3.1 Optimal β for group membership estimation

In this section, we provide the optimal β for group membership estimation by amplifying

the group signal in (2.3). Let’s consider the following simple regression model

yit = β0xit + α0
g0i t

+ vit,

xit = δ0α0
g0i t

+ eit,

(3.1)

where xit is a scalar regressor, (β0, α0
g0i t

) are the parameter values, and δ0 is a nonzero

coefficient that represents the degree of association between xit and α0
g0i t

. We assume α0
g0i t

, vit,

and eit are independent of each other and their variances are σ2
α, σ2

v , and σ2
e respectively. The

group membership is estimated by applying k-means to the unobserved part Rit = yit−βxit

with some given value of β. After simple calculations, we have

Rit = (1 + (β0 − β)δ0)α0
g0i t

+ (β0 − β)2eit + vit. (3.2)
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It is straightforward from (3.2) that the group information is from the variation of α0
g0i t

.

However, this information might be negligible if we have 1 + (β0−β)δ0 close to 0, i.e., if β is

close to β0 − 1/δ0. In this case, the weak group information causes the estimated grouping

ĝi to be inaccurate and hence leads to erroneous β̂. In fact, we find that the optimal choice

of β for grouping may be different from the true value β0. Let’s refer to the variance of

(1 + (β0 − β)γ0)αg as the group signal, and the variance of (β0 − β)eit + vit which is the

individual level information as the noise for grouping. We then define SNR which is the ratio

of signal (group level information) to noise (individual level information) as

SNR =
(1 + (β0 − β)δ0)2σ2

α

(β0 − β)2σ2
e + σ2

v

. (3.3)

Taking the FOC with respective to β, we can show that the SNR is maximized at

βopt = β0 − δ0σ2
v

σ2
e

. (3.4)

(3.4) indicates that the true value β0 is not optimal for estimating group membership in

this setting. We report the relationship between SNR and β in panel (D) of Figure 3.1. As

shown, βopt defined in (3.4) maximizes the value of SNR while β0 provides only about a half

of the SNR comparing to βopt. Graphically, we can see that the residuals with βopt in panel

(A) are more separated than those with β0 in panel (C). This implies that the former leads

to more accurate group membership estimation when we use the k-means algorithm.

Our finding provides insight on the selection of β for group estimation. For this problem,

BM suggest researchers draw many random starting value (β(0), α(0)) and select the one

that yields the lowest value of the criterion function. This method can be understood as

iteratively alternating the “assignment” step and the “update” step until convergence. In

the “assignment” step, each individual i is assigned to the group gi whose group fixed effects

{αgt, t = 1, ..., T} are closest to the residuals {yit − x′itβ, t = 1, ..., T}. In the “update” step,

(β, α) are estimated using the LS with previously determined grouping. However, our finding
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shows that the optimal β in the assignment step is different from the true β, which implies

that we may not need BM’s iteration procedure.

(3.4) provides the optimal β that minimizes the SNR in BM’s context, but we can easily

extend this idea to our Mahalanobis metric based group membership estimation. Let ẍit, ÿit

and α̈git denote the t-th elements of Ẍi, Ÿi and α̈gi = Lαgi respectively, and we modify the

model in (3.1) based on them. Then, it is straightforward to define the Mahaloanobis metric

based optimal β as

βoptM = β0 − δ̈0σ̈2
v

σ̈2
e

. (3.5)

where δ̈0, σ̈2
v and σ̈2

e are the modified version of the original parameters in (3.4).

Figure 3.1: Clustering with Different Choice of β
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3.2 Selection of β based on clustering validation and construction

of Ŵ (β̂)

While (3.3) and (3.4) show that the optimal β for group membership estimation, βopt, is

different from β0, βopt is practically not feasible to implement, since it contains unknown

parameters which are very hard to estimate. To address this practical issue, we propose a

data driven method to find a proxy of βopt, denoted as βe, that amplifies the group signal and

hence improves the performance of k-means. The method employs the internal validation by

Brock et al. (2008), which takes only the data set and the clustering as input. We select βe

by evaluating the internal measures such as connectivity, Dunn index, and silhouette width,

which reflect connectedness, compactness, and separation of cluster partitions. We briefly

introduce the internal measures we use in the algorithm. For more details, readers can refer

to Handl et al. (2005).

The mathematical expression of connectivity is given by

Conn(C1, . . . , CG) =
N∑
i=1

K∑
j=1

knn(i, j), (3.6)

where j represents the j-th nearest neighbor of the observation i. knn(i, j) is zero if i and j

are in the same cluster, and 1/j otherwise. C1, . . . , CG are G disjoint clusters, and K is the

parameter that determines the number of neighbors to compute connectivity. Connectivity

attempts to assess how well a given clustering agrees with the connectedness. It is non-

negative and a smaller value is preferred in clustering analysis.

The Dunn index (Dunn† (1974)) is another well-known technique that assesses both

compactness and separation and computes a final score as the nonlinear combination of

these two measures. It is defined as

Dunn(C1, . . . , CG) =
minCk 6=Cl mini∈Ck,j∈Cj dist(i, j)

maxCm∈(C1,...,CG) diam(Cm)
, (3.7)
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which is the ratio of the smallest distance between observations not in the same cluster to the

largest intra-cluster distance. The denominator diam(Cm) denotes the maximum distance

between observations in cluster Cm. The Dunn index is non-negative with larger values

corresponding to highly consistent clustering results.

The last cluster validation criterion is the Silhouettes width by Rousseeuw (1987). It

takes both compactness and separation into account, with well-clustered observations having

values near 1 and poorly clustered observations having values near −1. For an observation

i, the Silhouettes width is defined as

s(i) =
b(i)− a(i)

max{a(i), b(i)}
, (3.8)

where a(i) is the average dissimilarity of i to the rest of observations in the same cluster,

and b(i) is the average dissimilarity of i to observations in the nearest neighboring cluster.

From (3.2) and (3.3), we can consider β as a parameter that affects both intra-cluster

homogeneity and inter-cluster separation of Rit. Therefore, we may try different values of

β and choose the one that optimizes the clustering validation criterion. The procedure to

implement βe is summarized in Algorithm 1. Note that βe in this algorithm is not for

estimation of β0, but an amplifier to improve the clustering step. Once βe is obtained, we

can use it to estimate group membership and then (β0, α0
gt).

Algorithm 1

procedure Choosing the empirical βe

Conn = 1e10, Dunn = 0 , Sihouette = 0
for βtemp ∈ (− inf, inf) do

Partition R(βtemp) = Y −X · βtemp
Compute Conn, Dunn index, and Sihouette given R(βtemp) and clustering
if Conn not increase or Dunn and Sihouette not decrease then Update βe = βtemp

Given any candidate of β, computing the measures such as connectivity, Dunn index,

and Silhouettes requires the partitioning from k-means. It’s well known that finding the

optimal solution to the k-means clustering problem is NP-hard. The running time of, for
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example, Lloyd’s k-means algorithm is O(ndki), where n is the number of d-dimensional

vectors to be clustered; k is the number of clusters; i is the number of iterations needed

until convergence. Hence, the entire running time of Algorithm 1 is O(sndki), where s is

the number of candidates of β. Thus, for the computational cost to implement βe, choosing

more β’s will improve the performance of Algorithm 1 but will also increase the computation

time.

We also discuss how to construct the sample covariance matrix Ŵ (β̂) in our procedure.

We consider an iteration procedure, because β in the Ŵ (β) is latent in the grouping step.

Note that our iteration is different from BM’s iteration. If we set Ŵ (β̂) to be an identity

matrix, then our estimator reduces to the BM’s grouped fixed effects estimator. In this case,

iteration is not needed, because we can use βe from Algorithm 1 to estimate grouping, and

then estimate (β̂, α̂gt) given grouping. To implement Ŵ (β̂) for Mahalanobis metric based

fixed effects estimation, we provide the following algorithm to estimate (β̂, α̂gt) and update

Ŵ (β̂) until convergence.

Algorithm 2

1: procedure Estimate β using KMM
2: β̂(0) = β

(0)
e (from Algorithm 1 given Y,X)

3: for s = 0 to itermax do
4: Compute R(s) = Y −Xβ̂(s)

5: Compute the sample covariance of Ŵ
(
β̂(s)
)

6: Cholesky decomposition of Ŵ
(
β̂(s)
)−1

= L̂L̂′

7: Rescale data by Ỹ = L̂Y and X̃ = L̂X
8: Update β

(s+1)
e by Algorithm 1 given Ỹ, X̃

9: Partitioning R̃(s) = Ỹ − X̃β(s+1)
e

10: Update β̂(s+1) by OLS regression given cluster partition
11: if |β̂(s+1) − β̂(s)| < ε then Break loop
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4 Monte Carlo simulation

In this section, we examine finite sample properties of our Mahalanobis metric based clus-

tering method and compare with BM’s grouped fixed effects method. The following DGP is

employed for simulation.

yit = xitβ
0 + α0

git
+ vit, gi = 1, . . . , G, i = 1, . . . , N, t = 1, . . . , T,

α0
git

= ρα0
git−1 + e

(1)
git , with α0

gi1
, e

(1)
git

iid∼ N(0, 2),

vit = θvit−1 + e
(2)
it , with vi1, e

(2)
it

iid∼ N(0, Uniform(1, 2)).

(4.1)

We generate xit by

xit = δ0α0
git

+ e
(3)
it , with δ0 = 1, e

(3)
it

iid∼ N(0, 1), (4.2)

which implies the pooled OLS and standard fixed effects estimators are not valid because

xit is correlated with α0
git

. The number of groups G is assumed to be known and each group

has the same number of individuals. The number of replications is 1000.

Table 4.1 shows the bias, standard deviation (SD) and empirical rejection probability

(ERP) at the 5% level given different serial correlation scenarios. β̂Pool and β̂kmeans denote

the pooled OLS estimator and BM’s grouped fixed effects estimator respectively. We use the

t-statistics and normal critical values to simulate the ERPs. For the t-statistics, we employ

the clustered standard errors proposed by Arellano (1987) to allow for serial correlation.

As we can see from the table, β̂Pool, which entirely ignores endogeneity caused by group

heterogeneity, suffers from a substantial bias. The associated inference is not valid at all

either as the ERPs are all 1. We can relieve this problems by introducing BM’s estimator.

However, the table indicates that β̂kmeans is still severely biased and the inference tends

to be misleading when serial correlation is high. We notice that the serial correlation of

vit has a much bigger impact on the accuracy of β̂kmeans than the serial correlation of αgt.

Finally, the proposed estimator, β̂, which is obtained by our Mahalanobis metric based
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Table 4.1: Simulation results for three estimators (β0 = 1, G = 3)

β̂Pool β̂kmeans β̂

N T (ρ, θ) Bias SD ERP Bias SD ERP Bias SD ERP

90 5 ( 0 , 0 ) 0.7664 0.1046 1.0000 0.0941 0.0894 0.1680 0.0102 0.0756 0.0821

90 5 ( 0 , 0.5 ) 0.7681 0.0963 1.0000 0.1692 0.1182 0.4280 0.0078 0.0762 0.0859

90 5 ( 0.5 , 0 ) 0.7841 0.1033 1.0000 0.0846 0.0860 0.1350 0.0064 0.0730 0.0848

90 5 ( 0.9 , 0.9 ) 0.8395 0.1040 1.0000 0.2922 0.1132 0.5810 0.0123 0.0701 0.0835

90 10 ( 0 , 0 ) 0.7869 0.0626 1.0000 0.0230 0.0545 0.0320 0.0062 0.0454 0.0626

90 10 ( 0 , 0.5 ) 0.7871 0.0656 1.0000 0.0724 0.0933 0.1830 0.0106 0.0458 0.0959

90 10 ( 0.5 , 0 ) 0.8137 0.0642 1.0000 0.0206 0.0554 0.0190 0.0099 0.0474 0.0919

90 10 ( 0.9 , 0.9 ) 0.8869 0.0794 1.0000 0.3528 0.1078 0.7450 0.0141 0.0381 0.1089

300 5 ( 0 , 0 ) 0.7767 0.0937 1.0000 0.0833 0.0615 0.3390 0.0014 0.0433 0.0534

300 5 ( 0 , 0.5 ) 0.7733 0.0922 1.0000 0.1617 0.1003 0.6630 0.0006 0.0413 0.0594

300 5 ( 0.5 , 0 ) 0.7899 0.0981 1.0000 0.0759 0.0629 0.2840 0.0012 0.0473 0.0794

300 5 ( 0.9 , 0.9 ) 0.8403 0.0913 1.0000 0.2943 0.0973 0.8930 0.0028 0.0413 0.0718

300 10 ( 0 , 0 ) 0.7837 0.0604 1.0000 0.0210 0.0339 0.0590 0.0006 0.0255 0.0687

300 10 ( 0 , 0.5 ) 0.7850 0.0580 1.0000 0.0578 0.0663 0.2790 0.0034 0.0246 0.0682

300 10 ( 0.5 , 0 ) 0.8100 0.0615 1.0000 0.0169 0.0330 0.0390 0.0017 0.0235 0.0538

300 10 ( 0.9 , 0.9 ) 0.8891 0.0680 1.0000 0.3545 0.0903 0.9690 0.0039 0.0194 0.0749

clustering method, performs very well. It has the smallest bias, SD, and ERP under all the

different correlation structures. We also find that our estimator becomes more accurate as

N increases. This is well expected because β̂ depends on the sample covariance Ŵ which is

estimated from the cross section dimension of panel data.

Figure 4.1 compares the root mean square errors (RMSEs) of β̂kmeans and β̂ with different

T . From the figure, we can see that β̂ outperforms β̂kmeans substantially when T is small, and

this gap decreases as T increases when the serial correlation is absent or moderate. However,

when (ρ, θ) = (0.9, 0.9), the RMSE of β̂kmeans is shown to increase as T grows. When serial

correlation is very high, the noise accumulates as T increases and finally dominants the group

signal, so BM’s Euclidean metric based group membership estimation works poorly with T

large. The proposed procedure relieves this problem because the Mahalanobis metric takes

serial correlation into account.
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Figure 4.1: RMSEs of β̂ and β̂kmeans with different T (N = 300)

5 Conclusion

In this paper, we propose Mahalanobis metric based k-means algorithm to estimate group

membership in linear panel data models with time varying group fixed effects. Our esti-

mator improves upon Bonhomme and Manresa’s (2015) grouped fixed effects estimator by

accounting for serial correlation and heteroscedasticity. We derive the optimal β for group

membership estimation by maximizing the signal to noise ratio and show that it may be

different from the true β. Since the optimal that β is not feasible in practice, we propose

the data driven selection method for its implementation.
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